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a b s t r a c t
Let I be a completeM-primary ideal in a two-dimensional regular local ring (R,M) with
an algebraically closed residue field. Let v1, . . ., vn denote the Rees valuations of I . In the
theory of degree functions Rees and Sharp have associated with I positive integers d(I, v1),
. . ., d(I, vn) providing useful information about I . We have called these integers the degree
function coefficients of I . Using Zariski’s theory of complete ideals in a two-dimensional
regular local ring and recent work of Heinzer and Kim on complete ideals, we obtain new
interpretations of the degree function coefficients of I . Some applications are given.
© 2012 Elsevier B.V. All rights reserved.
0. Introduction
Let I be anM-primary ideal in a two-dimensional regular local ring (R,M)with algebraically closed residue field k. Let v1,
. . ., vn denote the Rees valuations of I . In their theory of degree functions Rees and Sharp have proved that there correspond
to I positive integers
d(I, v1), . . . , d(I, vn)
such that for all 0 ≠ x ∈Mwe have that
e
 I + xR
xR

= d(I, v1)v1(x)+ · · · + d(I, vn)vn(x).
Here e
 I+xR
xR

denotes the multiplicity of the ideal I+xRxR . In [15] the function dI(x) := e
 I+xR
xR

is called the degree function of I .
The integers d(I, v1), . . ., d(I, vn) are uniquely determined by the above condition (see [17, Theorem 3.3]), and we call
these integers the degree function coefficients of I . The degree function coefficients of I provide useful information about I .
Let us mention a few examples.
• The multiplicity e(I) of I is given by the following formula
e(I) =
n
i=1
d(I, vi)vi(I),
(see [17, Theorem 4.3]).
• The integral closure I of I may be characterized as the unique largest ideal J containing I for which
d(J, vi) = d(I, vi) for i = 1, . . ., n,
(see [17, Corollary 5.3]).
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The main aim of this paper is to obtain new interpretations of the degree function coefficients of I in the special case
where I is a completeM-primary ideal in R.
In Section 1 we begin by considering the simplest case, namely when the completeM-primary ideal I is simple (i.e., not
a product of proper ideals). Then I has only one immediate base point R1 and the transform of I in R1 is again simple (and
complete). It follows that I has just one Rees valuation, say v (see Section 1 for terminology and details). Using the invariance
of the unique degree function coefficient d(I, v) of I under the quadratic transformation R → R1, we have that d(I, v) = 1
(cf. Corollary 1.4). As an application we prove in Proposition 1.5 that if Q denotes the unique minimal prime ideal ofMR[It],
then R[It]Q is regular (thus we recover Theorem 3.8 in [6]).
From the proof of Proposition 1.5 it turns out that the unique degree function coefficient d(I, v) is given by d(I, v) =
e
 R[It]
Q

. The question arises whether this result can be extended to any complete M-primary ideal I of R. In Section 2 it
is shown how this can be done by using Zariski’s theory of complete ideals. By Zariski’s Unique Factorization Theorem
[20, Appendix 5], we have that I can be factored uniquely, up to order, as a product of simple complete ideals. Thus
I = Is11 Is22 · · · Isnn
where I1, I2, . . ., In denote distinct simple complete ideals and s1, s2, . . ., sn are positive integers.
Each simple completeM-primary ideal Ii has a unique Rees valuation ring Vi and the corresponding Rees valuation is
denoted by vi. It follows that the set of Rees valuations T (I) of I is given by
T (I) = {v1, v2, . . . , vn}.
In Proposition 2.1 we prove that
d(I, v1) = s1, . . . , d(I, vn) = sn.
The following applications of this result are given:
• e(I) = s1v1(I)+ · · · + snvn(I) (see Corollary 2.2).
• Let (a, b) be a reduction of I and let  ab vi denote the image of ab in the residue field k(vi) of the Rees valuation ring Vi of
Ii. Then
k(vi) : k
 a
b

vi
 = si for i = 1, 2, . . ., n,
(see Corollary 2.4). This is Theorem 3.2 in [4] in case the residue field k = R/M is algebraically closed.
Finally in Corollary 2.5 we present another new interpretation of the degree function coefficients of I . Let Q1, Q2, . . ., Qn
be the minimal primes ofMR[It] and let v1, v2, . . ., vn be the corresponding Rees valuations of I . Combining Proposition 2.1
with a recent result of Heinzer and Kim [4, Theorem 3.8 (2)], we have
d(I, v1) = e
R[It]
Q1

, . . . , d(I, vn) = e
R[It]
Qn

.
1. d(I, v)with I simple
Throughout the rest of this note (R,M)will denote a two-dimensional regular local ringwith algebraically closed residue
field k = R/M.
Let us begin by recalling some background material. For any x ∈M \M2 and any maximal ideal N of RMx  lying overM
(i.e., N ∩ R = M) the local ring R′ := RMx N is called a first (or an immediate) quadratic transform of R. This local ring R′ is a
two-dimensional regular local ring with maximal idealM′ = NR′ and the residue field of R′ is equal to k = R/M.
The ideal MR

M
x
 = (x)RMx  is a height one prime ideal of RMx  and the discrete valuation ring (DVR) obtained by
localizing R

M
x

at MR

M
x

is the valuation ring of the M-adic order valuation ordR of R. For more details the reader is
referred to [19, p. 265–266].
Let I be a complete (i.e., integrally closed)M-primary ideal of R and let r denote the order of I (i.e., I ⊆Mr but I ⊈Mr+1).
In the ring R

M
x

we have that
IR
M
x

= xrI
where I denotes an ideal of R

M
x

. This ideal I is called the transform of I in R

M
x

. Localizing at the maximal ideal N we get
IR′ = xrIN .
The ideal I ′ := IN is called the transform of I in R′. If I ′ ≠ R (equivalently, if IR′ is not a principal ideal), then (R′,M′) is said
to be an immediate base point of I . In order to state a characterization of the immediate base points of I due to Lipmann, we
now recall the definition of the Rees valuation rings (and Rees valuations) of I .
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Let us consider the (ordinary) Rees Ring of I
R[It] := R⊕ It ⊕ I2t2 ⊕ · · · .
The set of Rees valuation rings of I is the set of all rings
R[It]Q ∩ K
where Q varies over the prime ideals of R[It] that are minimal over IR[It] and where K denotes the quotient field of R. These
local rings are DVRs and the corresponding valuations v : K → Z are called the Rees valuations of I . The set of Rees valuations
of I will be denoted by T (I). Another description of the Rees valuation rings of I is given by Sally in [18, p. 484].
In [19, Theorem 10.2.2] Swanson and Huneke have given the following construction of the Rees valuation rings of I . Let
a1, . . ., ad be a set of generators of I . Then the set of Rees valuation rings of I is the set of all DVRs R
 I
ai

P , where P varies over
the minimal prime ideals of IR
 I
ai

, and i varies from 1 to d.
Now we are ready to state Lipman’s characterization of the immediate base points of I in terms of the Rees valuation
rings of I .
Proposition 1.1 (Lipman [12, p. 295]). Let I be a completeM-primary ideal in the two-dimensional regular local ring (R,M)
with an algebraically closed residue field. The immediate base points (R′,M′) of I are those immediate quadratic
transforms (R′,M′) of (R,M) that are dominated by a Rees valuation ring of I.
Remark 1.2. Since the residue field k = R/M is algebraically closed (and hence infinite), there exists an element x ∈M\M2
such that R

M
x

is contained in every Rees valuation ring of I . It then follows from Proposition 1.1 that all immediate base
points of I are lying on R

M
x

, i.e., they are of the form R

M
x

N with N a maximal ideal of R

M
x

lying overM. It also follows
that I has only a finite number of immediate base points. Finally note that since I is integrally closed and R

M
x

is contained
in all Rees valuation rings of I , we have that I is contracted from R

M
x

, that is, IR

M
x
 ∩ R = I .
Let (R′,M′) be an immediate quadratic transform of (R,M). Thus R′ = RMx N for some x ∈ M \M2 and N a maximal
ideal of R

M
x

such that N ∩ R = M. Suppose I ′ is a completeM′-primary ideal of R′. We now recall the notion of inverse
transform of I ′ in R. Let a be the smallest positive integer such that xaI ′ is extended from R, i.e., there exists an ideal J of R
such that xaI ′ = JR′. Then I := xaI ′ ∩ R is called the inverse transform of I ′ in R. Since I ′ is NRMx N -primary, there is exactly
one N-primary ideal in R

M
x

, say I, such that I ′ = IN . It can be shown (see [2, Lemma 3.2]) that I is the transform of I in
R

M
x

, and hence I ′ is the transform of I in R′. Moreover, the inverse transform I of I ′ in R has R′ as unique immediate base
point (see [2, Corollary 3.3]).
From here on, till the end of this section, the completeM-primary ideal I of R will be supposed to be simple and distinct
fromM.
We now collect a number of important properties concerning I .
• Let x ∈ M \M2 be such that I is contracted from RMx . Then the transform I of I in RMx  is also simple and complete
(see [5, Propositions 3.4 and 3.5]). This transform I of I is contained in a uniquemaximal ideal N of R

M
x

lying overM.
It follows that the transform of the simple completeM-primary ideal I of R in R′ := RMx N is a simple completeM′-primary
ideal, withM′ the maximal ideal of R′ (see [5, Remark 3.8]).
• The simple completeM-primary ideal I of R has exactly one immediate base point. Indeed, since k = R/M is algebraically
closed it follows from Lipman’s characterization of base points (cf. Proposition 1.1) that there exists an x ∈M \M2 such
that all immediate base points of I are lying on R

M
x

. (Note that this implies that I is contracted from R

M
x

since R

M
x

is contained in all Rees valuation rings of I and I is complete.)
By the preceding point we then have that the transform I of I in R

M
x

is simple and complete and I is contained in
exactly one maximal ideal N lying overM. This implies that R′ := RMx N is the unique immediate base point of I .• With the simple completeM-primary ideal I there corresponds a unique finite quadratic sequence
(R,M) < (R1,M1) < · · · < (Rn,Mn)
such that the transform IRn of I in Rn is the maximal idealMn. It has already been explained that I has a unique immediate
base point, say (R1,M1), and the transform IR1 of I in R1 is also simple and complete. If IR1 ≠ M1, then IR1 has a
unique immediate base point denoted by (R2,M2) and the transform (IR1)R2 of IR1 in R2 is simple and complete. By
the ‘‘transitivity of transform’’ (cf. [11, Proposition 1.5(iv)]) we have that (IR1)R2 = IR2 . Hence the transform IR2 of I in R2
is simple and complete.
After a finite number of steps we obtain a quadratic sequence
(R,M) < (R1,M1) < · · · < (Rn,Mn)
such that IRn is simple and complete, and e

IRn
 = 1 since eIRi+1 < eIRi by Proposition 3.6 in [5]. Hence
IRn =Mn.
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The uniqueness of this quadratic sequence follows from the fact that a simple complete zero-dimensional ideal in a two-
dimensional regular local ring (with an algebraically closed residue field) has only one immediate base point.
• The simple completeM-primary ideal I of the two-dimensional regular local ring (R,M) with an algebraically closed residue
field has precisely one Rees valuation.Aswehave seen in the previous point, there corresponds to I a unique finite quadratic
sequence
(R,M) < (R1,M) < · · · < (Rn,Mn)
such that the transform IRn =Mn. Let (V,MV)denote the ordRn-valuation ring and let v be the corresponding normalized
discrete valuation. Let a ∈ I be such that v(a) = v(I). By [5, Theorem 4.2] we then have that V = R Ia Q where Q is the
uniqueminimal prime ideal of IR
 I
a

. Using the description of the Rees valuation rings of I just before Proposition 1.1, this
shows that V is a Rees valuation ring of I and the corresponding valuation v is a Rees valuation of I . In fact, v is the only
Rees valuation of I . For ifw is also a Rees valuation of I with Rees valuation ring (W,MW ), then there exists a quadratic
sequence starting from (R,M) inW
(R,M) < (R′1,M
′
1) < · · · < (R′s,M′s) < (W,MW )
such thatW is the ordR′s-valuation ring (see [1, Proposition 3]). Since a simple complete zero-dimensional ideal in a two-
dimensional regular local ring (with an algebraically closed residue field) has only one immediate base point and using
Lipman’s characterization of immediate base points (cf. Proposition 1.1), it follows that this quadratic sequence coincides
with
(R,M) < (R1,M1) < · · · < (Rn,Mn).
Hence W = V . For another proof of the fact that I has only one Rees valuation the reader is referred to [19, Proposi-
tion 14.4.8].
Note that the mapping that associates to a simple completeM-primary ideal of R its unique Rees valuation is a one-
to-one correspondence between the set of simple completeM-primary ideals of R and the set of prime divisors of R (see
[20, (E) p. 391]; [14, p. 31]; [10, Proposition (21.3)]; [9, (6.10) p. 290–291]). Here by a prime divisor v of Rwemean a dis-
crete valuation v of the quotient field K of R whose valuation ring dominates R and such that the transcendence degree
of the residue field of this valuation ring over k = R/M is equal to one.
Nowwe turn to the degree function coefficients of I . Since the completeM-primary ideal I is simple, it has only one Rees
valuation, say v. Consequently I has only one nonzero degree function coefficient d(I, v). The determination of this degree
function coefficient d(I, v)will follow from the following three facts.
(i) In every two-dimensional regular local ring Rwith an algebraically closed residue field, the degree function coefficient
of the maximal idealM is equal to one. This is a direct consequence of the theory of degree functions (see the proof of
Corollary 1.4).
(ii) If I is a simple completeM-primary ideal of R distinct fromM, then there exists a unique finite quadratic sequence
starting from (R,M)
(R,M) < (R1,M1) < · · · < (Rn,Mn)
such that the transform of I in Rn is the maximal ideal Mn of the two-dimensional regular local ring Rn with an
algebraically closed residue field. This has already been explained earlier in this section.
(iii) The degree function coefficient d(I, v) remains invariant under the quadratic transformation R → R1, i.e., d(I, v) =
d(IR1 , v). In the next proposition we will prove this invariance.
Proposition 1.3. Let I ≠ M be a simple completeM-primary ideal of the two-dimensional regular local ring (R,M) with an
algebraically closed residue field. Let v denote the unique Rees valuation of I and let (R1,M1) be the unique immediate base point
of I. Then
d(I, v) = d(IR1 , v).
Proof. Let R1 = R

M
x

N , with x ∈ M \M2 and N a maximal ideal of R

M
x

lying overM, denote the unique maximal base
point of I . If r := ordR(I), then in R1 we have
IR1 = xr IR1 ,
where IR1 denotes the transform of I in R1. Since T (I) = T (IR1) = {v}, it follows from the theory of degree functions (see
[17, Theorem 4.3]) that
e(I) = d(I, v)v(I)
and
e(IR1) = d(IR1 , v)v(IR1).
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In order to obtain a relation between d(I, v) and d(IR1 , v) it suffices to look for a relation between e(I) and e(IR1), and also
between v(I) and v(IR1). From IR1 = xr IR1 , it immediately follows that
v(I) = v(IR1)+ rv(M)
since v(x) = v(M). To get a relation between e(I) and e(IR1), we start from the observation that
ℓ

R
In

= ℓ

R
(Mr)n

+ ℓ

(Mr)n
In

for every positive integer n. Here ℓ(·) denotes the length of (·).
Now we have a natural morphism
(Mr)n
In
→ (M
r)nR

M
x

InR

M
x
 (∗)
for each n > 0. Since In is complete for every n > 0 (by Zariski’s Product Theorem) and R

M
x

is contained in the unique
Rees valuation ring of In, it follows that In is contracted from R

M
x

, i.e., InR

M
x
 ∩ R = In for all n > 0. This implies that the
morphism (∗) is injective. Next we show that this morphism (∗) is also surjective
The surjectivity of the morphism (∗) means that
Mrn+s = xsMrn + InMs
for all s ∈ N. It therefore suffices to show that
Mrn+1 = xMrn + InM.
Since
dimk

Mrn
Mrn+1

= ℓ

Mrn
MIn + xMrn

− ℓ

Mrn+1
MIn + xMrn

this amounts to the same thing as proving that
dimk

Mrn
Mrn+1

= ℓ

Mrn
MIn + xMrn

. (∗∗)
Since (R,M) is a two-dimensional regular local ring, the left-hand side of (∗∗) is equal to rn+ 1 = ordR(In)+ 1. As we have
already observed that In is contracted from R

M
x

, we have that
ordR(In)+ 1 = µ(In)
whereµ(In) denotes the number of elements in aminimal ideal basis of In (see [5, Proposition 2.3]). Thus it remains to show
that the right-hand side of (∗∗) is equal to µ(In).
To do so we recall that R

M
x

is contained in the unique Rees valuation ring of In and In is complete. It follows that
MIn : x = In.
This implies the exactness of sequence
0 −→ I
n
MIn
−→ M
rn
MIn
×x−−→ M
rn
MIn
−→ M
rn
MIn + xMrn −→ 0.
Hence
µ(In) = ℓ

In
MIn

= ℓ

Mrn
MIn + xMrn

.
Thus the injective morphism (∗) is also surjective, and hence an isomorphism. Consequently
ℓ

(Mr)n
In

= ℓ

(Mr)nR

M
x

InR

M
x
  = ℓ (Mr)nRMx N
InR

M
x

N

.
As
ℓ

(Mr)nR

M
x

N
InR

M
x

N

= ℓ

R1
(IR1)n

we have for all positive integers n that
ℓ

R
In

= ℓ

R
(Mr)n

+ ℓ

R1
(IR1)n

.
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It follows that
e(I) = e(Mr)+ e(IR1)
and hence
e(I) = r2 + e(IR1)
since e(M) = 1 (because (R,M) is regular). Since e(I) = d(I, v)v(I) and e(IR1) = d(IR1 , v)v(IR1), this implies that
d(I, v)v(I) = r2 + d(IR1 , v)v(IR1).
Using the relation v(I) = v(IR1)+ rv(M), it follows that
d(I, v)v(IR1)+ rd(I, v)v(M) = d(IR1 , v)v(IR1)+ r2.
So in order to prove that d(I, v) = d(IR1 , v), it will suffice to show that d(I, v)v(M) = r .
From the theory of degree functions [17, Theorem 5.2] we know that
d(I, v)v(M) = dI(M).
Since e(M) = d(M, ordR) ordR(M) (cf. [17, Theorem 4.3]) and e(M) = 1 (since R is regular), we have that d(M, ordR) = 1.
Hence
r = ordR(I) = d(M, ordR) ordR(I).
As d(M, ordR) ordR(I) = dM(I) by [17, Theorem 5.2], we have
r = dM(I).
By the ‘‘reciprocity relation’’ dI(M) = dM(I) (see [17, Theorem 5.2]), it follows that d(I, v)v(M) = r . This completes the
proof of d(I, v) = d(IR1 , v). 
Corollary 1.4. Let I be a simple completeM-primary ideal in a two-dimensional regular local ring (R,M) with an algebraically
closed residue field. Let v denote the unique Rees valuation of I. Then the degree function coefficient d(I, v) = 1.
Proof. If I is themaximal idealM of R, then the unique Rees valuation v of I is the ordR-valuation. From the theory of degree
functions we have
e(M) = d(M, ordR) ordR(M),
(cf. [17, Theorem 4.3]). Since e(M) = 1, this implies d(M, ordR) = 1.
Next we consider the case where I ≠ M. As we have seen earlier in this section, there corresponds to I a unique finite
quadratic sequence
(R,M) < (R1,M1) < · · · < (Rn,Mn)
such that the transform IRn of I in Rn is equal toMn and ordRn is the unique Rees valuation v of I . For each i = 0, . . ., n− 1,
the transform IRi of I in Ri is a simple completeMi-primary ideal with unique Rees valuation v and (IRi)Ri+1 = IRi+1 . So by
Proposition 1.3 we have
d(I, v) = d(IR1 , v) = · · · = d(IRn , v).
Since d(IRn , v) = d(Mn, ordRn) = 1, it follows that d(I, v) = 1. 
We conclude this section with an application. We will give an alternate proof of [6, Theorem 3.8].
Proposition 1.5. Let (R,M) be a two-dimensional regular local ring with algebraically closed residue field k. Let I be a simple
completeM-primary ideal of R and let v denote its unique Rees valuation. Then ordR(I) = v(M) and if Q denotes the unique
minimal prime ideal ofMR[It], then R[It]Q is regular. Here R[It] is the Rees ring of I.
Proof. Since T (I) = {v} and T (M) = {ordR}, the ‘‘reciprocity relation’’ dM(I) = dI(M) (cf. [17, Theorem 5.2] means
d(M, ordR) ordR(I) = d(I, v)v(M).
By Corollary 1.4 d(I, v) = 1, and since e(M) = 1 we have that d(M, ordR) = 1. (cf. beginning of the proof of Corollary 1.4.)
Hence ordR(I) = v(M).
Next we consider the graded ring R[It]IR[It] , where R[It] denotes the (ordinary) Rees ring of I . Let e
 R[It]
IR[It]

denote the
multiplicity of R[It]IR[It] localized as its maximal homogeneous ideal. By [13, Theorem 23.5] we then have
e

R[It]
IR[It]

= e
 R[It]
IR[It]
Q
IR[It]

ℓ
 R[It]
IR[It]

Q
IR[It]

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wherewe alwaysmean themultiplicity at the uniquemaximal homogeneous ideal of the graded ring in question andwhere
ℓ(·) denotes the length as a module. Since the uniqueminimal prime Q of IR[It] determines the unique Rees valuation v of I ,
this implies that
e

R[It]
IR[It]

= e

R[It]
Q

v(I).
It can be verified that e
 R[It]
IR[It]
 = e(I), hence
e(I) = e

R[It]
Q

v(I).
On the other hand, Rees and Sharp have shown in [17, Theorem 4.3] that
e(I) = d(I, v)v(I)
since I has only one Rees valuation v. As v(I) ≠ 0, it follows that
d(I, v) = e

R[It]
Q

.
Since d(I, v) = 1 (cf. Corollary 1.4), we have
e

R[It]
Q

= 1.
We now prove this implies that R[It]Q is regular. First we show that
R[It]
Q localized as its maximal homogeneous idealN is
unmixed. To see this, observe that I being a completeM-primary ideal in the two-dimensional regular local ring (R,M)with
an algebraically closed residue field, the Rees ring R[It] is Cohen–Macaulay, by [3, Proposition 8.5]. It follows that  R[It]Q N is
unmixed (see [13, Theorem 34.9]). Since
 R[It]
Q

N
is an unmixed local ring of multiplicity one, we have by [13, Theorem 40.6]
that
 R[It]
Q

N
is regular. Thus R[It]Q is regular. 
Remark 1.6. Let I be a completeM-primary ideal in a two-dimensional regular local ring (R,M)with an algebraically closed
residue field. If I is simple (with v its unique Rees valuation and Q the unique minimal prime of IR[It]), it then follows from
the preceding proof that the degree function coefficient d(I, v) of I is given by
d(I, v) = e

R[It]
Q

.
It is natural to try to extend this result to any completeM-primary ideal of R. In the next section we will see this is possible
because of a recent result of Heinzer and Kim in [4].
2. Degree function coefficients of I (not necessarily simple)
In this section we present new interpretations of the degree function coefficients d(I, v) of a completeM-primary ideal I
in case I is not necessarily simple. For relatedwork in amore general setting the reader is referred to D. Katz and J. Validashti
[8].
Proposition 2.1. Let I be a completeM-primary ideal in a two-dimensional regular local ring (R,M)with an algebraically closed
residue field. Let
I = Is11 · · · Isnn
be the unique factorization of I in distinct simple complete ideals I1, . . ., In and let T (I) = {v1}, . . ., T (In) = {vn}. Then the set of
Rees valuations T (I) is {v1, . . . , vn} and d(I, v1) = s1, . . ., d(I, vn) = sn.
Proof. We first recall a few facts from the theory of degree functions. Since (R,M) is a two-dimensional regular local ring
(and hence analytically unramified), it follows from [15, Theorem 2.3] that d(I, v) ≠ 0 only for those prime divisors v of R
that are Rees valuations of I . Moreover, since R is normal and quasi-unmixed, all Rees valuations of I are prime divisors of R
(see [18]). Hence
d(I, v) ≠ 0 if and only if v ∈ T (I).
Next, since I = Is11 · · · Isnn , it follows that
d(I, v) = d(Is11 , v)+ · · · + d(Isnn , v)
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for every prime divisor v of R (cf. [17, Lemma 5.1]). Thus
T (I) = T (I1) ∪ · · · ∪ T (In).
As Ii is simple with unique Rees valuation vi for i = 1, . . ., n, we have
T (I) = {v1, . . . , vn}.
Again by [17, Lemma 5.1] we have for each i = 1, . . ., n that
d(I, vi) = d(Is11 , vi)+ · · · + d(Isii , vi)+ · · · + d(Isnn , vi).
Since d(I
sj
j , vi) = 0 for all j ≠ i, this implies that
d(I, vi) = sid(Ii, vi).
By Corollary 1.4 d(Ii, vi) = 1, hence we have
d(I, vi) = si for i = 1, . . ., n. 
Corollary 2.2. Let (R,M) be a two-dimensional regular local ring with an algebraically closed residue field. Let I be a complete
M-primary ideal of R with unique factorization in simple complete ideals I = Is11 · · · Isnn . Let vi denote the unique Rees valuation
of Ii for i = 1, . . ., n. Then
e(I) = s1v1(I)+ · · · + snvn(I).
Proof. From the theory of degree functions we know that
e(I) = d(I, v1)v1(I)+ · · · + d(I, vn)vn(I)
(see [17, Theorem 4.3]). Then the assertion follows by the previous proposition. 
Remark 2.3. A similar formula has been proved by Katz in [7], and by Katz and Validashti [8].
Corollary 2.4. Let the notation be as in Corollary 2.2. Let (a, b) be a reduction of I and let
 a
b

vi
denote the image of ab in the
residue field k(vi) of the unique Rees valuation ring Vi of Ii (vi is the Rees valuation associated with Vi). Then
k(vi) : k
 a
b

vi
 = si
for i = 1, . . ., n.
Proof. In [16, Lemma 9.36], D. Rees has proved that
dI(x) =
n
i=1

k(vi) : k
 a
b

vi

vi(x)
for all 0 ≠ x ∈M. By [15, Theorem 2.3], we have that
dI(x) =
n
i=1
d(I, vi)vi(x)
for all 0 ≠ x ∈ M. Since the integers d(I, vi) are uniquely determined by this condition (see [17, Theorem 3.3]), it follows
that
d(I, vi) =

k(vi) : k
 a
b

vi

for i = 1, . . ., n. This together with Proposition 2.1 implies that
k(vi) : k
 a
b

vi
 = si
for i = 1, . . ., n. 
Note that the previous result is Theorem 3.2 in [4] in case the residue field k = R/M is algebraically closed. We end this
paper with a third consequence of Proposition 2.1. Let I be a completeM-primary ideal of the two-dimensional regular local
ring (R,M) with an algebraically closed residue field. Let I = Is11 · · · Isnn be the unique factorization of I in distinct simple
ideals I1, . . ., In. If for i = 1, . . ., n, vi denotes the unique Rees valuation of the simple complete ideal Ii, then
T (I) = {v1, . . . , vn}
is the set of Rees valuations of I (cf. Proposition 2.1). IfQ1, . . .,Qn denote theminimal primes of IR[It], then the Rees valuation
rings V1, . . ., Vn of I are given by
V1 = R[It]Q1 ∩ K , . . . ,Vn = R[It]Qn ∩ K
where K denotes the quotient field of R (see [19, Exercise 10.6 p. 208]).
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Corollary 2.5. Let the situation and notations be as described above. Then the degree function coefficients d(I, v1), . . ., d(I, vn)
of I are given by
d(I, v1) = e
R[It]
Q1

, . . . , d(I, vn) = e
R[It]
Qn

.
Here e
 R[It]
Qi

denotes the multiplicity of the graded ring R[It]Qi localized at its maximal homogeneous ideal.
Proof. In [4, Theorem 3.8] Heinzer and Kim have shown that
e
R[It]
Qi

= si
for i = 1, . . ., n. In Proposition 2.1 it has been proved that
d(I, vi) = si
for i = 1, . . ., n. Thus the result follows. 
Summarizing we have obtained the following three interpretations of the degree function coefficients of a complete
M-primary ideal I in a two-dimensional regular local ring R (with an algebraically closed residue field):
• d(I, vi) = si (see Proposition 2.1)
• d(I, vi) =

k(vi) : k
 a
b

vi

(see proof of Corollary 2.4)
• d(I, vi) = e

R[It]
Qi

(see Corollary 2.5).
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